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Introduction 



In infinite-dimensional analysis, the concept of Gaussian analysis is used to establish a 
Gaussian measure on a linear space of infinite dimension. While there does not exist a 
Lebesgue measure (i.e. a translation-invariant and locally finite measure which is non- 
trivial) in infinite dimensions, Gaussian measures can still be defined in this setting. Since 
Gaussian systems often occur in stochastic analysis, this theory becomes useful in solving 
stochastic partial differential equations. Furthermore, the area of White Noise Analysis may 
be used to approach Feynman path integrals in quantum physics. 

For a complete nuclear space Af which is densely and continuously embedded in a separable 
real Hilbert space ("H, (•, ■)-h) , a Gaussian measure can be constructed on Af', the topological 
dual space oi Af. By identifying H with its topological dual space H', we obtain a so-called 
Gel'fand triple Af C H — H' C Af' . The Bochner-Minlos theorem states that if we equip Af' 
with its cylindrical cr-algebra, for a characterisic function C : Af ^ C there exists a unique 
measure /j, on Af' such that for all ij € Af one has 

exp{i{T],uj))d^{uj) = C{t]), 

where (•, •) denotes the canonical dual pairing between Af and A^'. The characteristic function 
C is usually chosen to be i— >■ exp (— ^(77, 77)-^) in order to obtain a standard Gaussian 
measure. However, our goal is to insert a covariance operator A in this measure. 

Motivated by applications (see Section [3.2p we will build our Gaussian space around the 
sequence space £'^{H). For this purpose we will characterize £'^{H) and show that an operator 
A g L{i'^{M.)) naturally can be extended to an element of L{£2{'H)). Such operators will be 
used as a special type of correlation operators which allow a more explicit representation of 
certain conditional expectations. 

In the second chapter the correlated Gaussian measure will be constructed. We will define 
s{Af), a dense nuclear subspace of i'^{H), and establish the measure fiA on its topological 
dual space s'{Af) by means of the Bochner-Minlos theorem, using the characterisic function 

s{Af) 3ipi — ^ exp (-^{'P, Aip)^^ e R, 

where the corvariance operator A is a self-adjoint and positive definite operator in L{£'^{7i)). 
We will rederive the orthogonal decomposition into wick polynomials in L'^{^a), called chaos 
decomposition, and see that it slightly differs from the usual decomposition, as the kernels 
are going to be elements from £\{7i), the completion of £'^{H) with respect to the inner 
product generated by A. 

Finally, in the third chapter, a representation for the conditional expectation of arbitrary 
random variables in L^(/i^) will be given, where we condition on a cr-algebra generated 
by monomials. Later on we will exploit the structure of the sequence space to obtain a 
representation of conditional expectations of monomials conditioned on countably many 
monomials and give an application of the results. 

Throughout the whole thesis, the Gaussian spaces will only be considered over the field M, 
even if Gaussian analysis usually deals with the complexification of these spaces. However, 
the results in here may be generalized to cover the complex case. Furthermore, to simplify 
the proofs, we will consider the Hilbert space H to satisfy dimH = 00, even though the 
proofs for finite-dimensional Ji work similar. 



5 



1. Square Summable Sequences 



Throughout all chapters, {H, (•, will be a real separable Hilbert space with dim'H ~ oo. 
By (efe)fegN we will denote the unit vectors in £^(R), i.e. — {6k,i)ieN G £'^{M.) for k eN. 

1.1. Characterization 

Definition 1.1. The Hilbert space of square summable sequences in H we denote by 

i'im :=|/eH«:f:ilMI?,<^| 
together with its inner product 

oo 



k=l 



The norm on P{T-L) we denote by || • |i£2(^) :— ■)p{n) usual. 
Lemma 1.2. The mappings 

n X e^{R) 3 {h,x)< — > h»x:= {hxk)keN & ^^("H) and 



k=l 



fin) X £2(K) 3 if,x) ^ [f,x] ■.= Y,Xkfk e H 

are bilinear and satisfy 
(i) II ■ •x\\l{h,P{'H)) = l|a;|U2(R), 



(ii) \\h I 



\l(P(R),P(H)) 



\H, 



(Hi) ||[-,a;]||L(i^2CH)^-H) = ||a;||£2(R) and 

(iv) III/, •]||l(«2(R),-H) < ||/||f2(^^) 

for all X e fiR), heV. and f e e^{n). 

Proof. The bilinearity of both mappings is clear. For x G ^^(M) and h ^ 71 we have 

oo 

||/i»x|1^2(„) = ^xl\\h\\l^ = ||a;|1^2(R)||/i||^, 

k=l 

SO • • • is well-defined and both (i) and (ii) are proven. For / g P{T-L) by the triangle 
inequality for || • ||-h and the Cauchy-Bunyakovsky-Schwarz inequality we obtain 



^ Xkfk 



k—m 



< E KIIIMI«< E l-^'^-l 

k—m \k—7n 



Ell/' 



kWu 



(1.1) 



for all n,m E N. This yields that ( X]fc=i ^fe/fe)„gN ^ Cauchy-Sequence in H, so [•,•] is 
well-defined. By setting to = 1 in p.ip and taking the limit n — !■ cx) we obtain the estimation 
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1. Square Summable Sequences 



< ||/||£2(^)||a;||^2(H) which proves (iv) and shows \\[-,x]\\L{e'^(^-H),-H) ^ II^^IIpcr)- For 
the proof of (Hi) it is left to show || [•, a;] ||i(£2(-H)^^) = ||a;||£2(R-) . We compute 



\[h> 



k=l 



■H 



Mv. = \\A?iHK.)\\Hn = lklU2(R)|l/i«x|l(>2(„). 



This also shows that the inequality in (iv) is sharp. If / = (/i, /2, 0, 0, . . . ) G £'^{7i) for some 
orthonormal /i, /2 G H, then ||/|||2(^') =2 and for all x G €^(R) with x 7^ we have 



1/r 



We have the following 



\\xifi +X2f2\\n =x\+x\< |la;||^2(R) < 
so the inequality in (iv) even may be strict. 

Proposition 1.3. Let f G i'^i'H), h,g e U and x,y e ^^(M). 
identities: 

(i) (/i»a;,g»2/)£2(„) = (/i, g)«(a;, y)^2(R) . 

(li) {f,h»x)p^-H) = {[f-,x\,h)^. 
(Hi) [h»x,y] = {x,y)p(^)h. 

Proof. This is done by the following straightforward computations: 

(i) {h»x,g»y)t2(^-H) ^ J^kLiif^^k, gyk)n ^ J2kLi ^kykih, g)n = {h,g)n{x,y)e 

(ii) {f,h»x)i,'2(u) = J2kLiifk,hxk)-H = {J2kLiXkfk,h)^ = {[f,x],h)^. 

(iii) [h • X, y] = T.kLi hxkyk = {x, y)p(s,)h. 



□ 



□ 



Remark 1.4. For the sake of notational simplicity, we will often omit the indexes of the 
norms, i.e. we will write || • || for || • ||£2(k), || • || • \\p(h) et cetera, since there is no risk 
of confusion. Analogously we will deal with inner products. 

Proposition 1.5. Let {hi)i^fi he an orthonormal basis ofH. Then {hi • Cfc : i, fc G N} is an 

orthonormal basis of P(H). 

Proof. For i, i', fc, fc' G N we clearly have 

(hi • efc, hi' • Cfc') = (hi, hii){ek,ek') = Si^i'Sk^k' = S(^^^k),{i' ,k') 

by Proposition 11.31 Now let / G i'^{H) and £ > be arbitrary. Choose N E N such that 
1 ll/fclP < For each k = 1,...,N there exists gk G span{/ii : i G N} with 



.,k=N+ 



fk - fffelP < e/2N. Then for g J2k=i 9k • e-k e span{/ii • : i, fc G N} we have 



N 



5fc| 



E IIA 



< £. 



fc=l 



A:=l 



A;=JV+1 



□ 



Remark 1.6. While it is clear that for / G £"^{71) it holds / = fk • Sfc, it may not be 

too obvious that such an identity also exists for an arbitrary orthonormal basis {bk)keN of 
^^(M), i.e. that there exists a sequence in such that / = J2T=i fk • ^k- The rest 

of this section will deal with the proof that this identity is valid for [/, bk]- 
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1.1. Characterization 



Definition 1.7. For an orthonormal basis b = {bk)kefi iii ^^(K) and N E N we define 

£2c^) W span {h»bk:heH,k^l,...,N}c fiU). 

In tlie following, b = {bk)keN will always be an arbitrary orthonormal basis of ^^(R), if 
not stated otherwise. 

Proposition 1.8. For TV G N we have 



N 



'^hk'bk : hi,. . . ,hN eH 



Proof. If / e i'^{U)i^^ then there exist m G N and a, e K, e "H and fc, e {1, . . . , iV} for 



i — 1, . . . ,m such that 

m N 



N 



/ = ^ a^g^ • bk. = X! X! • = ^ ft-fe • h, where /i^ := ^ aigi G 



fc— 1 \ i—l,...,m: 

ki=k 



fe=l 



z— l,...,m: 

ki = k 



□ 



Corollary 1.9. T/ie space i'^{U)[^^ is a closed subspace of l'^{n) for all TV £ N. 



Proof. For a Cauchy sequence (/^"^)neN in P{'H)\f^\ as above there exist . . . , g 
such that we have = • h for n e N. Hence 



k=l 



N 



fc=i 



which yields that for all k = 1, . . . , the sequence )„gpf is a Cauchy sequence in "H 
with some limit fk G -H. Then / := Y.k=i fk'h'^ i^{n)f^ is the limit of (/("))„eN, since 



N 



lim 11/ -/("'II - lim V||/fe-/, 



(»)||2 



□ 



Lemma 1.10. Let f e ^^^-^^ N eN. Then f - EfeLiI/.^fc] • h f^'^{'H)b 
Proof. Let /ii, . . . , /ijv € H be arbitrary. By Proposition 11.31 we have 



N 



N 



f - ^[f, bk] • bk, ^hk'bk 



fc=i 



fe=i 



(TV \ / ^ ^ \ 

/,E/ife-&J - 5][/,?>fc]-6fc,^/ifc.6J 

fc=l / \fe=l k=l J 

N N 

J2{f, hk»bk)-J2{[f,bk],hk) 



k=l 
N 



k=l 
N 



J2{[f,bk],hk)-Y,{if^bk],hk) 

k=l k=l 

0. 



□ 
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1. Square Summable Sequences 



Lemma 1.11. The subspace 



is dense in i'^{'H). 



(N) 
b 



Proof. Since the subspace of finite sequences is dense in i'^{7i), it suffices to approximate 
h • es for some given h G H and s G N. We may assume h ^ 0. Since {bk)kefi is an 
orthonormal basis of we have eg = X]feLi(cs; bk)bk, hence for e > there exists N £ N 

such that ||es — ^j^;^(es, &fc)&fc|| <e||/i||~-^. We compute 



N 



h»es - ^{es,bk)h9bh 



fc=i 



N 



h»es- h u^ies, bk)bk 



fe=i 



\h\\ 



N 



k=l 



< e. 



□ 



Remark 1.12 (Theorem of best approximation). Let be a pre-Hilbert space and G be 
a complete subspace of H. For a fixed h G H there exists a unique g E G such that 
\\h — g\\ — dist(ft., G) := inf„gG \\h — u\\. Furthermore g is characterized hy h — g £ G^ . 

Theorem 1.13. For f £ £'^{7i) we have the identity 



f = J2^f,bk]»bk. 



k=l 



In particular = Y.kLi III/- MIP- 

Proof. By Lemma [TTUl for all / G e^{n) and iV G N it holds 



N 



f-Y.^fM'bk£e{n) 



{N)± 
b ' 



k=l 



and since £'^{'H)'^^^ is closed by Corollary II. 91 the theorem of best approximation yields 



N 



f-J2^f,bk]»bk 



k=l 



<\\f-g\\ foT^Wgefm^^l 



To a given e > 0, we choose Nq e N and g £ ^{ny^ with |1/ - .g|| < e. Note that 

N 



g e l'^{H)i^^ for all iV > iVo. We obtain 



f~Y.^IM'b, 



k=l 



<||/-.g||<e foraUAr>iV( 



0, 



i.e. / = limAr_>oo Y^k=i{f^ bk] • bk- This also yields 



\f\\ = lim 



N 



fe=i 



AT 



= lim 



Using this theorem, we can easily generalize Proposition 11.51 



□ 



Corollary 1.14. // (/ii)igN *s o,n orthonormal basis of %, then {hi • bk : i,k £ N} is an 

orthonormal basis of l^iji.). 
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1.2. Operators with Matrix Representation 

1.2. Operators with Matrix Representation 



Theorem 1.15. Let A G _L(£^(M)). Then by abuse of notation we define 

oo 



(1.2) 



k=l 



and A becomes a bounded linear operator on £'^{'H) with || A||2,(f2(--^)) = ||74||^(-£2(k)). This 
definition does not depend on the particular choice of the orthonormal basis b = {bk)keti- 

Proof. We first show that A is a bounded linear operator on tire dense subspace £'^{H)^ and 
uniquely extend it to an element of L{i^{T-L)). To this end, let {hi)i^fn be an orthonormal 

N 



basis of n andN e N. For / e l^{H)f\ fc = 1, . . . , iV and i e N we denote 



fk. ([/, hk],K)^ e M and xf := ^ fk.bk e ^'(M). 

fe=i 

Since {hi)i^^ is an orthonormal basis of % we have 

oo oo 

([/, M, [/, - E ([/' ^''^i' ^0 [/' = E 

and thus in particular 

oo oo TV JV oo N 

E 11-^ f = E E /^'^ = E E /'^ ^ E II [/' f = 11/11^ 



(1.3) 



(1.4) 



i=l i=l k=l k=l i=l 

Using these equations we obtain 



fc=i 



AT 



Y}fM*Abu 



k=l 



N 



E {[f,bk]Af,bi]){Abk,Ak) 



k,l=l 

N oo 



^ E E^'/''(^^fc'^^') 

oo 



^ ll^lli(£2(R)) E 11^' 
1 = 1 

II^IIl(«2(r))II/II'', 

which gives rise to A G L{P{'H)) with ||yl||i(£2CH)) < ||yl||i(£2(R)). For an arbitrary / € £'^(V.) 
we then have 



N\ 



N 



N 



N 



\ iV — ^ oo ' * / /V — ^ rv~i ' * N — ^ rv~i ' * 



k=l 



N^oo 



k=l 



fe=l 



so our definition in (|1.2p makes sense. In order to show equality for the operator norms, we 
note that tor h G H and x G £^{7i) by Proposition 11.31 and continuity of ft, •• it holds 

oo oo / oo \ 

A{h • x) = El'^ • ^' ^k] • E(^' • = ft • A E(^' ^fc)^*: ) ^h^Ax. (1.5) 



fc=i 



fe=i 



Vfe=l 
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1. Square Summable Sequences 

Hence to a given e > we choose x G £'^{S.) with ||Aa;|| > (|| A||i(£2(i{)-) — e)||x|| to obtain 

\\A{h»x)\\ = \\h»Ax\\ ^ \\h\\ ■ \\Ax\\ > ||/i||(||A||i(£2(R)) -e)||x|| ^ (||A|jL(£2(R)) - £)||/i . a;||. 

This gives ||yl||i(j»2c^-)-) = ||yl||/^(£2(R')'). Finally, for an arbitrary orthonormal basis (/3fc)fceN of 
£^{R) and / e ^^("H), by continuity of A and Equation (|1.5p we have 

Coo \ oo oo 

fc=l / k=l k=l 

□ 

Remark 1.16. If lim„^oo a:„ = a; and lim„^oo Vn = V in "H, then lim„_>oo(a;n, = (a;, y). 

Proof. By the triangle inequality for the modulus and the Cauchy-Bunyakovsky-Schwarz 
inequality for (•, •) we have 

\{x,y) - {xn,yn)\ < \{x,y) - {xn,y)\ + \{xn,y)- {xn,yn)\ < ||a;-x„|l • |ly|l + ||x„|| • ||j/-y„|l, 
where the right hand side converges to zero since (a;„)„gN is bounded. □ 

Lemma 1.17. If A £ L{P{M.)) is (self-adjoint/positive definite), then A € L{i^{'H)) is 
(self-adjoint/positive definite). 

Proof. Let f,g E If A G L{£'^{M.)) is self-adjoint, then by the remark above we have 



/ N N \ 

^^l^(Y.^f,bk]»b,,J2[g,bi].AbA 

\fc=i ;=i / £2(^) 

N 

lim ^ [5,6/])^(6fe, A6,)<,2(K) 



N^oo 

fc./=l 



N 

N^I^lo E {lf'bk],[g,bi])^{Abk,bi)p(^i 

(N N \ 

Y,[f,bk]»Abk,J2[g,bi].bi\ 
k=l 1=1 ) 



Pin) 



Now assume A e L{£'^{M.)) to be positive definite and let be an orthonormal basis of 

H. We abbreviate fk^ := {[f,bk],h,)^ eRfoi k,i&N and set xf := ^f^^ fk^bk £ e\R) 
for iV e N as in the proof of Theorem 11.151 For i e N we then have 



E/'« - E iifM.h^y < E \\[fMt\\h.r = E WifMl' = ii/f < oo. 



f 

k=l k=l k=l k=l 

hence we can define 



:= lim x^ = y2^^bkef{R} 



Xi 

k=\ 



12 



1.2. Operators with Matrix Representation 
and obtain (xi, Axi)i2(g^ > by assumption. Together with Fatou's Lemma we compute 

(N N \ 

J2[f,bk]»bk,J2if^bi].AbA 
k = l 1 = 1 / 

N 

= lim ^ {[f,bk],[f^bi])^{bk,Abi)i2i^j},) 



k,l=l 



A* — ^oo ' ' ' ' 



N oc 



k,l=l i=l 



1=1 



1=1" 

>0 

> 0. 

If (/, A/)£2(^-) — 0, then (a;^, Axi)£2(^-^ — for alH G N and therefore fki = for aU i, A; G N, 
hence [/, 6*;] = for aU A; G N which yields / = 0. □ 

Corollary 1.18. If A E L(i?^(R)) is self-adjoint and positive definite, then 
f{H) X f{H) 3 {f,g) ^ {f,g)A := (/, A9)£^(w) e K 



defines an inner product on £'^{T-L) with corresponding norm \\ ■ \\a ■= \/ (•, -^a for which we 
have \\-\\a< \\A\\-2\\ ■ \\. 

Corollary 1.19. For f G i'^{'H), g,h G H, x,y £ £'^{M.) and a self-adjoint and positive 
definite operator A G L{£'^{M.)) we have the following identities: 

(i) {h»x,g»y)A = {h,g){x,y)A- 
(n) {f,hmx)A = {[f,Ax],h). 
(Hi) [h» x,Ay]^ {x,y)Ah. 

Proof. These are direct imphcations of Proposition 11.31 together with Equation p.Sp : 

(i) {h»x,g»y)A^ {h»x,g» Ay) = [h, g){x, Ay) = {h, g){x, y)A- 

(ii) {f,h,x)A = {f,h,Ax) = {[f,Axih). 

(iii) [hux^Ay]^ {x,Ay)h^ {x,y)Ah. 

□ 
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2. The Correlated Gaussian Measure 



2.1. Construction 

Couiitably Hilbert spaces and in particular nuclear spaces have widely been studied in various 
literature. We briefly state the following definition for a Gel'fand triple, also known as rigged 
Hilbert space, see e.g. |GV64| . which serves our intention to construct a Gaussian measure 
by means of the Bochner-Minlos theorem. Within the definition we collect some common 
facts. 

Definition 2.1. Let A/" be a topological vector space and Af' its topological dual space. We 
call Af C H C Af' a Gel'fand triple if the following holds: The topology on Af is defined by a 
family of inner products ((•, •)p)pgNQ with corresponding norms (|| • ||p)peNo) which we assume 
to be compatible in the sense that ii p,q € No a-nd a sequence (^n)nGN in Af converges to zero 
with respect to || • |jp and is a Cauchy sequence with respect to || • \\q, then lim„^oo Mn\\q — 0. 
It is easy to show that the topology is induced by the translation invariant metric 

p=o ^"^11^ ''lip 

Furthermore assume that Af is complete with respect to this metric. Without loss of gener- 
ality we may assume (•, •)p < (•, ■)p+i for p € Nq, since otherwise we may replace the family 
of inner products with the family given by (•, •)p :— X]fc=o('' ')fcj which does not alter the 
topology on Af but is monotonously increasing. For p G Nq let Afp be the Hilbert space 
obtained by taking the abstract completion oi Af with respect to || • ||p. Assume Ao = H, 
which implies Af dH densely and continuously. Since the family of norms is increasing, by 
identifying H with its topological dual space H' , we obtain the chain of spaces 

Afc---cAf2cAfiCH = H'c Af-i c Af-2 c • • • c A/"', 

where Af-p is the topological dual space of Afp for p E Nq. The completeness of Af is actually 
equivalent to Af ^ HpeNo -^p- '^^^ shown Af' = UpeNo -^-p ^^"^ consider the finest 
topology on Af' such that all inclusions A/lp ^ Af' are continuous. The final important 
assumption is that for each p G No the inclusion A'p+i^p : Afp+i ^ Afp is a Hilbert-Schmidt 
operator, i.e. for some orthonormal basis {rik)ki£N hi Afp+i we have 

00 

II^P+i,pllls -I^hfellp <oo, 
fe=i 

whose value does not depend on the particular choice of the orthonormal basis {rik)kefi- 
Definition 2.2. For p e Z and some Hilbert space (H, (•, ■)h) we denote 



^. fc=i J 

which becomes a Hilbert space itself in an obvious way. 

The following theorem yields a Gef'fand triple with central Hilbert space P{T-L), if a 
Gel'fand triple with T-L as central Hilbert space is already given. 
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2. The Correlated Gaussian Measure 



Theorem 2.3. Assume we have a Gel'fand triple M d H d A/"' and let the spaces Hp, 
p G No he as in Definition \2.1\ Then we obtain a Gel'fand triple s{M) C P{T-L) C s'{M) by 
defining 

s{N) := fl fpiNp). 

peNo 

The topology on s{J\f) we define to be given by the family of norms on £p(J\fp) for p G Nq. 

Proof. Let || • \\p^p denote the norm on £p{Afp) for p E Nq. Clearly these norms are compatible 
in the sense of Definition 12.11 and monotonously increasing. Furthermore ("^{Afo) = £'^{H) 
and for p E Nq the abstract completion of s{Af) with respect to || • ||p.p yields exactly £p{Afp), 
since s(Af) contains the set of finite sequences in M which are dense in the complete space 
lliMp). Using s{M) = ripGNo ^p(-^p) yields that the metric 

^ i + ||(^-VI|p.p 

is complete, and it clearly induces the topology on s(Af). It remains to show that for each 
p G No the inclusion : £p_^i{N'p+i) ^ is a Hilbert-Schmidt operator. To this 

end let p G Nq and {rik)keN be an orthonormal basis of Afp+i- Then clearly the set 



\{'rikSLm)meN\\p+l,p+l ' j I V 

is an orthonormal basis of £p^i{JVp+i) . We compute 



meN 



\\iVkSl,m),neN\\l,p _ ^ 2 ^'^^ || Ar ||2 1 



1=1 

where iVp+i.p : Afp+i ^ Afp is the inclusion and || • ||p denotes the norm on Mp. This 
completes the proof. □ 

Example 2.4. Consider the Schwartz space of functions of rapid decrease, defined by 

S{R) := \ t] G C°°(R) : ||77||„,,„ := sup |x™i:'"?7(a;)| < oo for aU n, m G No 

and equipped with the topology given by the family of seminorms (|| • \\n,m)n,meN- It is 
well-known that this is a completely metrizable dense nuclear subspace of the Hilbert space 
L'^{R, dx) and thus yields a Gel'fand triple 5(R) C ^^(R, dx) C S"(M), which is the standard 
triple used in White Noise Analysis, see [HKPS93 1 IRS80| . The above theorem can be applied 
to obtain a Gel'fand triple s{S{R)) C £^iL^(R,d^)) C s'(S'(R)). 

Notation. We denote the canonical dual pairing between s{J\f) and s'{J\f) by 

s(7V) X s'(J\f) 3 {lp,uj) I — > {(p,uj) uj{(p) G R. 
Since we identify with its dual, for tp G s{jV) and uj G £^{'H) C s'{JV) we have 

{ip,Uj) = (V3,CJ)£2(„). 

Definition 2.5. We equip s'{JV) with the cr-algebra generated by the mappings 

s'(7V) 3 UJ I — > . . . , {ipn,(^)) G R", for n G N and ipi, . . .,ip„ G s(7V), 

which is also called the cylindrical cr-algebra. 
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2.1. Construction 



The Bochner-Minlos theorem is the standard tool used to obtain a Gaussian measure on 
spaces like s'(A/'), see |Oba94| . 

Theorem 2.6 (Bochner-Minlos theorem). Let C : s{jV) — > C &e a characteristic function, 
in other words we have C(0) ~ 1 and C is continuous and positive semidefinite, i.e. 

n 

aiCejC{(pi ~ ipj) > for all n ^ and ai G C, (fii G J\f for i — 1, . . . , n. 

Then there exists a unique measure fj, on s' (Af) which fulfills 

exp (i{ip,uj)^dii{ijj) = C{ip) for all Lp G s(A/'). 

Is' (AT) 

Clearly the measure obtained is a probability measure, since 

^(s'(7V)) = / ldfi{uj)= [ exp{i{0,uj})dfi{uj) = C{0) = l. 

Theorem 2.7. Let (•, •)' be any inner product on i'^{'H) which is continuous. Then 
s{U) C{^) exp ^)'^ G C 

is a characteristic function in the sense of the Bochner-Minlos theorem. 

Proof. The equality C(0) = 1 is clear. Furthermore C is continuous since the embedding 
s{JV) C £'^{'H) is continuous and (•,•)' is continuous on £'^{'H). Let n G N and (fi £ JV for 
i = 1, . . . ,n. Due to the fact 

n / n n \ 

ata j{(pi,ipj)' = ^ anpi,'^ ajipj > for aU a G M", 

i,j=l \i=l 3 = 1 ) 

the matrix </3j)')i.j=i....,n ^-nd thus also (exp(((/?i, is positive semidefinite 

by Lemma rA.2l and Corollary I A. 4[ see page[39l Now let a G C" be arbitrary. We compute 

n / 1 

^ a.afCiipi - ipj) = a.ajexp i--{iip^,(p^y - 2{ip„ipj)' + {ipj^ipj)') 

n 

= X! A^iexp((<^i,v3j)') 
>0, 

where j3i = ai exp (— for z = 1, . . . , n. □ 

Definition 2.8. Let A G L{£^{'H)) be self-adjoint and positive definite and denote the inner 
product it generates on P{T-C) by 

e(n) X fin) 3 ig,h) ^ {g,h)A {9.Ah)p^n) 



with corresponding norm || • ||^ vCvXa- Since ^ is continuous, so is {■,-)a- The unique 
measure on s'(J\f) fulfilling 



'(A/-) 



exp = exp ( -^{Lp,ip)A ] for all G slA/"), 



17 



2. The Correlated Gaussian Measure 



which exists due to the above theorem, we call the Gaussian measure with covariance op- 
erator A. We denote L^{fiA) ■= L'^{s'{Af), ha'-,^) and by abuse of notation we will denote 
the norm on L'^{^a) again by || • \\a- While Gaussian analysis is usually performed on the 
complexification of this space, we will stick to the real setting as it suffices for our purposes. 
However, the results may be transferred to the complex case. To save some space in our 
equations, we will simply write s' instead of s'(AA) when integrating, so fd^J-A becomes 

J^, fdjjLA for integrable or non-negative measureable /. 

For the rest of this thesis, A € L{£'^{T-L)) will assumed to be self-adjoint and positive 
definite. 



2.2. Properties 

Remark 2.9. If {il,T,m) is a measure space, {il',J^') a measureable space and T : O — > 17' 
a measureable map, then Tirn) := mo T^^ is a measure on f2', called the image measure of 
m under T, and for any measureable / : il' — >■ R which is either integrable or non-negative 
we have 

/ fiu:')dT{m)iLo') = f f{T{Lo))dm{u:) (2.1) 

Jn' Jn 
in the sense that either both sides are infinite or both sides are finite and take the same value. 
Clearly ii T = T' almost surely for some for measureable T' : £7 — > fi', then T{rn) = T'im). 

Definition 2.10. By ^„ we denote the standard Gaussian measure on the measureable 
space (]R",S(M")), i.e. the measure defined by 

Ai„(B) - (^-^^ ^ exp (-^I^^P) dx for B e 6(M"). 

It is uniquely characterized by its Fourier transform 

M" 9 j3 1 — > j exp {i{p,x)M_^)d^iri{x) = exp ( - e M. 

Lemma 2.11. Let n e N and </?i,...,(^„ e s(A/') he orthonormal with respect to {■,-)a- 
Then the image measure of fiA under 

s'{M)3iu^Tiuj) (((^i,c^),...,(^„,c^)) G R" 

is the standard Gaussian measure /i„ on R" . 

Proof. By Formula (|2.ip from Remark 12.91 for p E R" we have 

exp [i{p,x)R,^)dT{flA){x) = ^ exp (i{p,T{uj))^^^dfiA{i^) 

(c) 



= J^^ exp (^i Y^^pj{(pj,uj)j dfi 

= j exp ^ ^ pj ipj,uj^j dfiA (w) 
1 II " 

-\\y 

i= 
1 " 



exp I -T^l^v] 

= exp(- 

hence /x„ and T{fiA) have the same Fourier transforms, thus /i„ = T{iia)- CH 
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2.2. Properties 



Corollary 2.12. Let ?i G N and ipi, ...,ipn G s{M) be orthonormal with respect to (•, ■)a- 
If for each i — 1, . . . ,n we have that the measureable function Gi : M — > M is non-negative 
or integrable with respect to the Gaussian measure /xi, then 

n n „ 

' i=\ 1=1-^^' 

Proof. Since /i„ is the product measure of n one-dimensional measures fix, Fubini's Theorem 
and the lemma above yield 

^ n ^ n 

/ \\Gi{{ipi,Uj))dllA{L0) ^ I \\Gi{Xi)dpLn(xi,...,Xn) 

i=l -^K" ,=l 

n „ 

= TT / Gi{xi)dni{xi) 

n p 

= G,{{ip,,uj))dfiAii^)- 

□ 

The following yields an isometry from s{M) to L'^{pa). 
Lemma 2.13. Let ip e s{J\f). Then {ip, ■) e L'^{^a) with \\{lp, ■)\\a = W^fWA- 
Proof. For ip = the statement is clear. Otherwise by Lemma [2. Ill we have 

ll(<yf, = / {ip.ujfdnAii^) = \M\ f (rir'^) '^^^A{^) = ll^lli / x^dmix) = \\ip\\l, 

Js' Js' \ ll-^IU / Jr 

where we used the well-known fact Jjj a;^d/ii (a;) = 1. □ 

Definition 2.14. We denote the abstract completion of P{T-L) with respect to (•, •)a by 
(-\{Ti.) and also denote its norm and inner product by || • \\a and (•, ■)a, respectively. 

Corollary 2.15. The inclusion s{M) C iHTL) is dense. 

Proof To a given e > and / G ^^C"^) choose g G £"^{71) with ||/ - g\\A < s. For this g 
there exists tp G s{f\f) with \\g — <y9||£2(-j^-) < s. Then 

ll/-^IU<||/-g|U + ||5-^IU<e+||A||^||5-^||p(„) < (i + pil^) .£. 

□ 

Lemma 2.16. Let f G t\{TL). Since s(J\f) C 1\{TL) is dense, there exists a sequence 
{'Pk)keN in s{Af) such that Vmik^oo = f in ^a(^)- Then {{^k, ■))keN is a Cauchy se- 
quence in L'^Iha), whose limit is independent of the choice of the approximating sequence 
(¥'fc)fceN- Hence (/, •) := liuik-^oci'Pk, ■) G L'^{pa) can be defined and for f G s{J\f) this 
definition coincides with the equivalence class of the pointwisely defined function lu i— >■ (/, ui) . 
Furthermore it holds ||(/, ■)\\a — \\f\\A- 

Proof. By Lemma [2. 131 we have that {{(pk, ■))k£ti is a Cauchy sequence in L'^{iia) and hence 
converges. If {'4'k)keN is another sequence in s{Af) approximating /, then for all fc G N we 
have 

\\{ipk, •) - {ilJk,-)\\A = Wfk - V^fclU < Wfk - f\\A + II/- V-fclU, 

so limfe^oo \\{^k, •) - (V'fc, •)|U = and the sequences ■))keN and {{ipk, ■))keN take the 
same limit, which we denote by (/, •). By continuity of the norm it holds 



IK/: •)IU = lim IK^Jfc, •)IU = lim H-^fclU = ||/|U- 

k^oc k—^oo 



□ 
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2. The Correlated Gaussian Measure 



Corollary 2.17. For f,g e £\{H) we have ((/, •), {g, ■))a = 
Proof. By the well-known polarization identity we have 

((/,->,(.9,-»A = i(||(/ + .gr>lli-||(/-.9,->lli) = J(ll/ + 9lli-||/-,9lli) 

□ 

Notation. Let (f2, J^, z/) be a measure space and (/n)nGN be a sequence of real- valued mea- 
sureable functions on such that the measureable set N :— rt\ {lo : lim„_>oo /ti(w) exists} 
has measure zero. Then we define the function lim„_>.oo fn'-^^^^y 

(v f\( \ V 1 ( \f ( \ /limn^oo/n(w) uj £ ^\ N 
hm /„ (Lo) := hm lo\Ar(cj)/„(w) = < , w G S2, 

Vn-i-oo / n— s-oo (J U) £ I\ 

which is measureable. 

Remark 2.18. Let (il, J^, i^) be a measure space and let lim„^oo[/ri] = [/] in LP{rt) for some 
p £ [l,oo). Then there exists a subsequence {nk)k<£N such that lim^^-yoo fuki^) — fi^) for 
almost all cj G il (or almost surely, if is a probability measure) . 

Remark 2.19. Let P) be a probability space and 1 < p < q < oo. By Holder's 

inequality we have L'i{VL,P) C LP{n,P) and || • ||lp < || • on Li{n,P). 

Proposition 2.20. For f e (■\{'H) we have 

exp •)) = exp (^-^(/, /)a 

Proof. Let (lySfe)^:^^ be a sequence in s{M) with linifc^oo ^ f in £\{'H). Then we have 
limfc_^oo((y9fc, •) — (/, •) in L'^(^a) by definition. We fix some pointwisely defined repre- 
sentative of (/, •) and also denote it by (/,•). By dropping to a subsequence we may 
assume that we have limfc_j.oo(</'fe, •) = (/i ') almost surely. Since for all fc G N it holds 
I exp {i{ipk, •)) I = 1 G L^{^a) C L^{^a), we apply Lebesgue's theorem of dominated conver- 
gence to obtain 

exp{i{f,uj))d^iA{i^) = lim / exp w)) (i^^(w) 

= lim exp ( -\{ipk,'Pk)A 

= exp 

□ 

We now may generalize Lemma [2.111 and Corollarv l2.12l in the following ways: 

Corollary 2.21. Let n G N and /i, . . . ,/„ be an orthonormal system in 1\{'H). Then the 
image measure of fiA under T :~ ((/i, •),.•., (/«, ■)) is the standard Gaussian measure 
on R". 

Proof. The proof works exactly along the same lines as the proof of Lemma 12.111 where 
Remark 12.91 is used to care about the fact that T is only defined up to almost sure equality 
and Proposition 12.201 is used to express the Fourier transform in terms of the measure's 
characterisic function as in the proof of Lemma 12.111 □ 

Corollary 2.22. Let n G N and /i, . . . , /„ be an orthonormal system in i\{'H). If for each 
i — 1, . . . ,n we have that the measureable function : R — > M is non-negative or integrable 
with respect to the Gaussian measure fix on R, then 



/ Y[G,{{f,,■))d^^A = l[ Gm,-))dfiA. 
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2.3. The Chaos Decomposition 

2.3. The Chaos Decomposition 

Notation. For two vector spaces X and Y over the same field K, their algebraic tensor 
product, which again is a vector space over K, is denoted hy X ^Y. Up to an isomorphism 
in the category of linear K-spaces it is uniquely characterized by the following universal 
property: There exists a bilinear map B : X xY ^ X ^Y such that for any vector space V 
over K. and any bilinear map B' : X xY ^ V there exists a unique linear map L : X^Y ^ V 
such that 

B'{x, y) = L(B{x, y)) for all a; e X, y e Y. 

It can be shown that such a space always exists. For x £ X, y £ Y we will simply write 
X (g) y instead of B{x, y). The algebraic tensor product is associative in the sense that if Z is 

another vector space over K, then the spaces {X (gjY) (E) Z and X (g) (Y (g) Z) are isomorphic 
in the category of linear K-spaces and we will denote both of the spaces hy X ^Y ^ Z. 

Lemma 2.23. For two spaces X and Y over the same field K we have 

X (g) y = span{a; <^y: x £ X,y £ Y). 

Proof. Let S := span{a; ® y : x & X,y & Y}. By Zorn's lemma there exists a subspace 
T of X (g) y such that X ®Y = S ®T. Assume 5 C X (g Y, so dimT ^ 0. Then for 
L = idx®Y and L' : X ®Y ^ X ®Y defined by L'{s + i) = s for s G 5 and t £ T, 
we have L{x (g y) = x ® y = L'{x y) for all a; € X and y £ Y, but L ^ L'. This is a 
contradiction to the universal property of the algebraic tensor product in view ofV = X<S)Y 
and B' ^B ^(g). □ 

Remark 2.24. Let v G X (g F. We have proven that there exist m G N and G K, G X 
and yk G Y {or k = 1, . . . ,m such that v = X^^Li ctkXk yk- If we set x'f. := akXk for 
k = 1, . . . , m, we obtain the easier representation v = X^^Li x'k^yk- 

Definition 2.25. Let X be a real or complex vector space and n € N. We define the 
symmetrization of x^") = xi (g • • • ig) x„ G X ig) • • • ig) X to be 

a;(") := xi§i ■ ■ ■ %Xn -T X] ® ■ ■ ■ 

Here 5„ stands for the group of permutations on {1, . . . , n}. One can show that this induces 
a linear operator on X (g • • • (g X. For general x*^"-' G X (g • • • (g X, the symmetrization of 

x(") again yields x("). If x'"^ = x("), we call x^"^ symmetric and denote the subspace of 
symmetric elements by 

X§ • • • gX := {x(") G X (g • • • (g X : x^") = ^)}. 

Notation. Let X be a vector space over K G {M, C}, x G X and n G N. We denote 
the n^^ tensor power of x by x®" :=x(g---(gxGX0---0X and set x®° = 1 G K. If 
Li, . . . , L„ : X — >^ X are linear operators, we uniquely define the linear operator Li^- ■ -^Ln 
on X (g • • • (g X by 

Li® ■ ■ ■ ® Ln{xi ® • • • Xn) ■= LiXi (g • • • (g L„x„ for xi, . . . ,x„ G X 

and its symmetrization Li(g • • • (gL„ by 

Li(g • • • (gL„(xi (g • • • x„) := iiXi0 • • • 0L„x„ for xi, . . . , x„ G X. 

For a linear operator L : X — >■ X we introduce the notations 

L®" := L • • • L, L®" := L0 • • • 0L and L®° := ids • 
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2. The Correlated Gaussian Measure 

Corollary 2.26. For a real or complex vector space X and n (z N it holds 

• • • = span • • • (g)x„ : xi, • • • , x„ e X] . 

Proof. Let x^"^ € X^ ■ ■ ■ (^X. There exist to e N and , . . . , xjj € X for fc = 1, . . . , to such 
that a;(") = J2T=i a;^- Thus 

fc=i 

□ 

The following can be found in |Oba94| : 

Lemma 2.27 (Polarization formula). Let X and Y be real or complex vector spaces, n G N 
and F : X" Y be multilinear and symmetric. Then for xi, . . . ,Xn (z X it holds 

F(xi, . . . ,a;„) = — ^ Bi ■ ■ ■ BnA{BiXi ^ 

z"n! — ' 

Be{±i}" 

where A{x) :— F{x, . . . ,x) for x G X . 

Corollary 2.28. For a real or complex space X and n G N we have 

X^---^X = spanjx®" : x e X} . 

Proof. Clearly X^ ■ ■ ■ (E)X contains all elements of the form x*^", where x G X. For the other 
inclusion define F : X" — X (g) • • • ® X by F{xi, . . . , Xn) ■= xi(E) ■ ■ ■ ®Xn for xi, . . . , a;„ € X. 
Applying the polarization formula yields xi® ■ ■ ■ ®Xn G spaufx*^" : x £ X}. Thus 

• • • — span {xi(8) • • • (g)x„ : xi, . . . , Xn G X] — span {x®" : x G X} . 

□ 

Definition 2.29. For ri G N we denote s(7V)®" := s(7V) » • • • (g) s(7V) and its subspace of 
symmetric elements by s(A/')®" := s(7V)§ • • • §s(7V). We set s(7V)®'' := s(7V)®° := K. 

Definition 2.30. Let n E N. By 1\{T-L)®^ we denote the abstract completion of the space 
t\{T~l) ® ■ ■ ■ ® ('\{T~l) with respect to the unique inner product which fulfills 

n 
fc=l 

The space ^^(•H)®" is defined to be the closure of l\{n)® ■ ■ ■ ®l\{n) in l\{n)'^'^ , i.e. 

= span{/®«:/G^i(H)} C ^(H)®". 
Further we set i\{n)'^° := l\{n)®° := M. 

Remark 2.31. It is noted that we defined s{Af)^" simply as an algebraic tensor product, 
while ^^('H)®" is the abstract completion of the algebraic tensor product with respect to 
some inner product. This may seem confusing, but for our purposes this yields the simplest 
notation. 

Remark 2.32. If Li,. ..,i„ G L{i\{'H)), then Li g) • • • g) L„ G L {l\{H) ® ■ ■ ■ ® 1\{H)) with 
operator norm \\Li g) • • • g) = j|iij| ■ ■ ■ and hence can be extended to an element 

of L (^iCH)®"), see e.g. [DixSlJ. 
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2.3. The Chaos Decomposition 



Corollary 2.33. For all neN the inclusions s(A/')®" C ^^('H)®" and s(7V)^" C ^^(H)^" 
are dense. 

Proof. For n = l this is CoroUarv l^l^ Assume the density of s(7V)®" C i\{H)®'' has been 
proven for some n S N and let F e i\{H)®^ and f G i\{'H). It suffices to approximate 
F (g) f, since the linear span of such elements is dense in £\{T-l)'®"^^ . We may assume 
F ^ and / 7^ since otherwise F (g) / = € s(AA)®"+^ For e > choose $ € s(A/')'^" 
with ||F - $|U < eII/IIa^- We may enforce <f> 7^ since F ^ 0. Choose (p £ s{J^) with 
<e||$||^^ Then 

\\F(» f -^<g)ip\\A < ||F(g)/-$(g)/||A + ||$(g)/-$«)V5|U 

= ||F-$|U||/IU + ||<i>IU||/-^IU 

< 2e. 

To prove the density of s(A/')®" C we observe that for / e t\{l-L) and a sequence 

('^fc)A:eN hi s(7V) with limfc_^oo Vk ^ f holds 

ii/®"-^riii- 1™ iir"iiA+ii¥'rii?i-2(r",^ru 

= hm ||/||i" + ||^fc||i"-2(/,^fc)l 

fc— >-oo 

= 0. 

Since span{/'^" : / e ^^("H)} is dense in £\{H)®^ by definition, the statement is proven. □ 
Definition 2.34. The set of monomials A4n of order n e No on s'{J\f) we define by 

Mn ■■= {s'iAf) e K : (^(") e s(AA)®"} . 

Since for lo G s'(7V), n e Nq and (^(") G s(7V)®" it holds (v3("),a;®") = the 
polarization formula yields 

Mn - spanjs'lA/") 9 w = e M : ^ € s(AA)} . 

Furthermore, we define the set Vn of polynomials of degree e No on s'{JV) and the set of 
polynomials V on s'{Af) by 

n 

Vn :=^Xfc and V := \j Vn, 

k=0 neNo 

respectively. 

A proof of the following important result works along the same lines as the corresponding 
proof in [Oba94j : 

Theorem 2.35. The set of polynomials is dense in L^{pa). 

Definition 2.36. We define ta ■ s(A/')®^ ^ M as the unique linear extension of the operator 
fulfilling ta(v? (Xi ip) :— {tp, Aip) ~ {(p, ■iP)a for (p, ijj E s{Af), which exists due to the universal 
property of the tensor product. 

Definition 2.37. For uj € s'{J\f) and n e No we inductively define : w®" : € (s(7V)®")*, 
the algebraic dual space of s(A/')®", by 

: w®°: :=idR, : : ■.= uj, and 

: cj®" : := w§ : cj®"-i : - {n - 1)ta® : w®"-^ : for n > 2. 
It is clear from the definition that for (ys'"^ e s(A/')®" we have 
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2. The Correlated Gaussian Measure 



Lemma 2.38. For uj E s'{J\f) and n G No one has 

2'^fc!(n- 2fc) 



y , rf §0.^"-^^- and 



k=0 



Proof. This proof uses a straightforward but unattractive induction, which will be given in 
Section IA.3I of the appendix on page HT] □ 

Corollary 2.39. For uj e s'{U), ^ G s{M), f ^ and n G No we have 

(^«",:c.«":) = ||^Cff„(^j|^), (2.2) 

where is the n*'' Hermite polynomial, see section \A.S\ in the appendix on page 

Proof. This is a direct implication of the previous lemma using Equation (jA.Sp . □ 

Definition 2.40. The set of wick ordered polynomials on s'{N) we define by 

W := I s'{N) 3 UJ ^ : w®": ) e R : m e No,ip^"'> E s(AA)®" for n = 0, . . . , m I . 

I n=0 J 

Lemma [2.381 vields W = hence the wick ordered polynomials are dense in L'^{piA)- 
Lemma 2.41. Let Lp,ip E s{M) and n,m E Nq. Then we have 



A- 



Proof. Without loss of generality we may assume \\(p\\a — WMIa = 1- By dimspanj^s, ip} < 2 
there exists rj E s{Af) with = 1 and {ri,ip)A = such that ip E span{?7, V'}- Then 

for a := (ip,ip)A and /3 := {ip,r])A we have (p = aip + l3r] with + = \\(p\\a = 1- 
Now for ui E s'{Af), if necessary using the convention 0° := 1, CoroUarv 12.391 above and 
Equation (jA.9p from page HOI yield 

= H„{a{^,,io) + (3{r^,Lu))HM,Lu)) (2.3) 



By using \\ri\\A = 1, Corollary [2. 121 and Equations (|A.3p and (|A.4ll . for fixed fc G {0, . . . , n} 
we have 



— (Hk, Hin)L'^tJ.i)Sn-k,0 

= m\6k,mSk,n = "!<5fc,„,m- (2.4) 
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Using these equations we obtain 
k=0 ^ ^ 



mi 



□ 



Corollary 2.42. Let n, m e No and ^("^ G s(7V)®", V^™^ e s(7V)®". T/ien 



Proof. By the polarization formula there exist ri,r2 (z N, ipi, . . . , ipr-^ ,ipi, . . . V'r2 G ^i-^) ^^id 
a^i J /?! , • • ■ , /3r2 £ IK. such that 

(^(") = ^ a^^f " and V'"^ = XI '^J^'f 



fc=i 



Then the previous lemma yields 



\t=i j=i 



□ 



Proposition 2.43. Lef n G No and /(") e £\{'H)^''. Similar as in Lemma \2.16] we may 

define {f^"\ : ) G L'^{^a) as the element hmfe^oc ('yS^"'' , : •®": ) in L'^{^a), where 

is an arbitrary sequence in s(A/')®" with limfc_yoo '/'fe"'' = /'■"■' in 1\{'H)'^^ , whose 
particular choice is irrelevant. Furthermore we have ||(/'"\ : •®": )||^ = t^!!]/^"-* |1' 



Proof. Let e ^^('H)®". Due to Corollary [1231 there exists a sequence ((^^"^)fcgN in 



s(7V)®" with limfc^oc V'i"^ = /'"^- By the above Corollary we have 



(n) 



(«) 



hence ((</3i"\ : )) is a Cauchy sequence in L'^{fiA)- If {'^k^^)keN is another sequence 



3(7V)®" with limit /("), then 



(") . ®n . 



(n) , (n) 

'P k - V4 



(n) , (n) 
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so lilTLfe- 



((^^"\ : ) - : ) ^ = and the sequences ((y^i"', : ^ 

and : ))^ take the same hmit, which we denote by : >. By conti- 

nuity of the norm it holds 



= lim 

A k—>oo 



= lim n! 

A fc— >oo 



(") 



fin) 



□ 



This directly implies the following; 
Corollary 2.44. Let n,mG No and G c/^™) G £\{'H)^"'. Then 

Theorem 2.45 (Chaos decomposition). Let F G L^{iia)- Then for each n G Nq there exists 
a unique G f^(-H)®" SMc/i that F = J2n=o (/'"^ : : ) m t/ie ^^(^xa) sense. We then 
have \\F\\\ = En=onm&H\- 

Proof. Let (-Ffe)feeN be a sequence of wick ordered polynomials with limfe_,.oo Fk = F in 
L'^{^ia)- For each e N there exists mfe G No, i^j."^ G s(jV^)®" for n = 0, . . . , mfe such that 



n=0 

where we set ^^^^ = for n > mfe. For fixed n G No, we have 

oo 

I (n) (7l)||2 . \ ^ ill (m) II 771 TTi I 

|<^^ ' - IL ^ "^'Ikfe n \\a = \\Pk-Fi\ 



m=0 



for any choices of fc, Z G N, hence the sequence (Vfe J^gpj is a Cauchy sequence with some 
limit /(") G £\{H)^''. We define 



n=0 



for j G N. For s > there exists I G N with \\F — F;||^ < e/2. By having in mind that 
ifi"'^ = for n > m;, we see that for all i, j > mi it holds 

\\Fj-m\= ^ n!||/(")||i 

n=i+l 



n=i-\-l 
j 



< lim 5: 2n!||4"'-^[")||> ^ 2n!||^J' 



71^-1+ 1 

< lim 2\\Fk-Fi\\\ 

k^oo 

= 2\\F-Fi\\\ 
<e, 



n=i-\-l 
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2.3. The Chaos Decomposition 

where we used the estimation (a + b)^ < 2a^ + 2b^ for a, 6 € K. Hence {Fj)j^^ is a Cauchy 
sequence in L^{ij.a) and thus we can define 

oo 

F := Um Fj = V (/W, L^t^A). 

n=0 

It remains to show F = F. To this end let p G 7-* be arbitrary with representation 

m 

p=J2 : •®" : ) for some m e No and V'"^ e s(^)®" for n = 0, . . . , m. 

Tl=0 

Then 



{F,p)a = lim (Ffe,p)^ = lim V n!(v.i"\ V^))^ = V n!(/("), ^W)^ = {F,p)a 

n=0 n=0 

and hence F - F eV-^ = {0}, i.e. F = F. It clearly follows 

Ili^llA = lini ll^,lli= lim ^ "'"/^"^Ha- 

•I — ^no -J — ^on ' ■* 



n=0 

□ 
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3. Conditional Expectations 



3.1. Representation 

Definition 3.1. Let _P) bo a probability space and ^ be a sub-cr-algebra of T. Let 

X : f2 — > M be a non-negative or integrable random variable. A random variable y : O — > M 
is called conditional expectation of X given Q, if F is 5-measureable and E[1g-^] — ¥.[IgY] 
holds for all G G Q. We denote the set of all conditional expectations of X given Q by 
¥.[X\g\. If Z is another random variable we denote ¥\X\Z] := ¥\X\cf{Z)]. 

Remark 3.2. Let (fl, P) be a probability space, Q he a sub-cr-algebra of T and p > 1. One 
can show that the conditional expectation defines a contractive operator from LP{Q,J^,P) 
onto U'{Sl,Q,P). In particular, the conditional expectation is independent of representa- 
tives. Via the isometry 

LP{n,g,P) B [g] ^ [g]j. :={f:f is J'-measureable and P{f = g) = l} e LP{n,J^,P) 

we may consider LP{i}, Q, P) as a closed subspace of LP{i}, T , P). For [X] e LP{{1, J^, P) we 
especially consider E[X|^] as an element of LP{fl,T, P). 

Remark 3.3. Let (il, J^, P) be a probability space and ^ be a sub-cr-algebra of J^. Then for 
[X] e L^{n,T,P) we have E[X\g] = VgHX]), where 

Vg : L'^{fl,T,P) L'^{fl,g,P) 

is the orthogonal projection. In particular, since the orthogonal projection is continuous, 
for a Cauchy sequence ([X„])„gN in i^(fi) we have lim„_^oo ]E[[X„]|^] = E[lim„_,.oo[-'^n]|^] 
in L^{n). 

The well-known factorisation lemma will be very useful in our proofs later on: 

Lemma 3.4 (Factorisation lemma). Let {n,T) be a measureahle space and K : — > R 
he measureahle. If X : fl ^ ]S. is G := a(Y)-measureable, then there exists a measureahle 
g:R^R such that X = g{Y). 



Proof. If X is an elementary function, there exists n e N and Gi , . . . , S t/, ai , . . . , a„ € M 
withX = Xir=i '^i^Gi- Since G = cr(y), there exist Borelsets Bi, . . . ,Bn with Gj = Y~^{Bi) 
for i = 1, . . . ,n. Thus 

n n n n 

X = ^Q!ilGi = X]aily-i(B,) = '^ailBi{Y) = g{Y) for g := ^ajls,. 

i=l 2—1 i=l 2=1 

If X is non-negative, there exist elementary functions (Xn)nen with sup^^^ Xn{uj) = X{uj) 
for all ui G SI. For each n e N there exists a measureahle gn with X„ = gn{Y) as above. 
Then the pointwiscly defined function g := sup„gpj g-n again is a (^-mcasurcablc function and 
we have X = supX„ = sup5„(F) = g{Y). For some arbitrary measureahle X we use the 
decomposition X = X+ — X~, where X+ := max{X, 0} > and X~ := max{— X, 0} > 0, 
to obtain two measureahle functions g~^ and g~ with X+ = g~^{Y) and X~ = g~{Y) which 
yields X = g{Y) for g := g+ - g- . □ 
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3. Conditional Expectations 

Remark 3.5. Let (D,,J-',P) be a probability space and Zi and Z2 be two random variables 
with Zi = Z2 almost surely. In general, a random variable X which is (T(Zi)-measureable is 
not necessarily measureable with respect to (7(^2); but since X = g{Zi) for some measureable 
g by the factorisation lemma, it holds that X almost surely equals the (T(Z2)-measureable 
variable g{Z2)- Hence for p > 1 we have LP{^1, a{Z\). P) — LP{^, aiZ^)-, P) as subspaces of 
LP{n,T, P) as in Remark [g?^ This allows us to define E[x|[Z]] := E[X|Z], where [Z] is an 
equivalence class of random variables with respect to almost sure equality. 

The following, sometimes called Levy's zero-one law, is an implication of Doob's well- 
known martingale convergence theorem, see e.g. [BogO7| [0ksO3l . 

Theorem 3.6 (Levy's zero-one law) . Let (fl,J-,P) be a probability space, {J-n)neN a filtra- 
tion, Too ■■= fT(U„eN-^") and X G L^n). Then lim„^oo IE[X| = ^Xl^oo] m L^{n). 

Since we focus on the space of L^-functions, we need the following proposition: 

Proposition 3.7. Let {fl,J-,P) be a probability space, {J-n)neN a filtration and assume 
X G L'^{fl). If (E[X| J>i])„gN is a Cauchy sequence in L'^{fl), then for J-qo '■= o'(UneN-^") 
we have lim„^oo E[X| J>i] ~ E[X|J^oo] in L^{fl). 

Proof Let Y e L'^{VL) be the limit of {E[X\Tn])nen- Since we have || • < || • ||i2 on L'^{Vl) 
by Remark 12.191 together with Levy's zero-one law we get 

||r-E[X|J-oo]||Li < inf ||r-E[X|J-„]|Ui + ||E[X|J-„]-E[X|J-^]|Ui 

< inf ||y-E[X|J-„]|U2 + ||E[X|J-„]-E[X|J-o,]|Ui =0, 



so r = E[X|J"oo] in L^{n). Since Y e L^{n), we also get Y = E[X|J"oo] in L^{9:). 



□ 



Remark 3.8. We note that in the above proposition the assumption for (E[X| J>i])„gN to be 
a Cauchy sequence in L^ is actually redundant, since ||E[X|J>i] ||^2 < for all n € N, 

hence (E[X| J>i])„gN is a bounded martingale in L^, and one can show that a martingale 
which is bounded in L^ for some p G (1, 00) already converges in L^ , see e.g. |Bog07| . 

Theorem 3.9. Let 71 G No, to e N, G l\{n)®"- and let {i/'i, • ■ • , ?Am} he an orthonormal 
system in i\{T-L) ■ Then for Q := a{{tj^kT')Tk — 1, ... ,m)j we have 



E 



(/ 



in) 



in. ^ 



= (^®"/^"\ : ), (3.1) 
where Vip : ~^ span{'0} := span{'0i, . . . ,'0m} the orthogonal projection, i.e. 

711 

V^,f ^Y.^f,i>,,)A^k forfefAH). 



fc=i 



Proof. For n — we have (^f 



in) 



) = ('P?"/("\ : ) G M, hence the statement 



is clear in that case and we may assume 71 ^ 0. We will first prove the assertion for 



for some G s{J\f) only and afterwards derive that the property transfers 



to arbitrary /^"^ G i\{H)®"' by density arguments. So let ip G s[N). First note that 
: ) = {{V^ip)'^", . .0". ^ is g-measureable by Corollary H^Hl and we have 

{ipk, "yS — 'P^'p)a = for fc = 1, . . . , To. If G spanj-f/;}, then {ip^"^, : •®" : ) is C/ -measureable 
and hence 

(^ip®n . ®n . ^ g — • .8". ^ _ ^•p®"(^'8" • .®" . ^ 
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3.1. Representation 



Otherwise (p ^ spanj?/;}, so (p — V^f ^ 0. For G E G there exists a measureable function g 
with 1(3 — gdipi, ■),•■•, ("01711 ■)) by Lemma 13.41 To shorten the notation we write g{4') = 
g{{ipi: •),•■•, {i'rm •))• We distinguish two cases: If V^(p — 0, then by Corollarv l2.39l we have 



which together with Corollary 12.221 Equation (|A.4p from page HHl and ri ^ yields 

= \W\\'a I gWd^J-A / Hn{x)dm{x) 



= ||^||1ma(G)<5o, 
= 



In the other case, V^p^p 7^ 0, we recall the assumption ip — V^p 7^ to observe 

< \\V^p\\a < WV^ipllA + llv - 'PipvWa = WvWa, 



hence for /3 := HP^c/sHa • \\(p\\j^^ we have /3 e (0, 1), thus a y^T~^ e (0, 1) and it holds 
_|_ ^2 ^ 2. CoroUarv [2391 and Equation (|A.9p yield 



\Ma 

II^IU \Ma 

oi{(p-V^p,-) l3{V^p,-) 



(^\W\\a P\W\\a 

iMixE f:)»'.'-'* (^^^) (Ig:^) ^ (3.2) 



k=0 



For fc e {0, . . . , n} by Corollary 1^?^ and Equation ((XI)) we have 

g{ij)Hn-k (&^] dpLA ■ So,k, (3.3) 



Vll'^^y'lU 

where we used a||<y9m = \\p — V^p\\a- Finally we obtain 



k=Q ^ ^ 



G 
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3. Conditional Expectations 

We have established E [(y'®", : )|^] = ("P^'V®", : ) for tp e s{Af). Now for some 
(p^"-* e s(A/')®" with representation 

m 

<^(") = ^ akipf" for some m G N, a G R"* and (^i, . . . , ^„ e ^(7^) 
fc=i 

by Unearity of the conditional expectation we have 



E 



k=l 



Since s(A/')®" is dense in £^(7^)®" and both T',®" and the conditional expectation are con- 
tinuous, we also have ([33]) for e l\{nf>'^. □ 

Corollary 3.10. Let F e ^^j^/j c/iaos decomposition F = J^'^^o (/^"''' • )• -^''^ 

I?/'!, . . . yipm}, G 0-nd as in the previous theorem we have 

oo 

E[-F|e] = I](7T/^"\: )• (3.4) 
Proof. The conditional expectation operator is linear and continuous, hence 

oo oo 

□ 

Lemma 3.11. Let (hi)i,zfq and {h'^)j,=ff be two orthonormal bases in % and assume the sets 
{xi, . . . , Xn\ and {yi, . . . , y„i} span the same suhspace in £^(R) for some n, m G N. Then 
for the a-algebras 

Qi := (j{{hi • Xk,-) : i G N, fc = 1, . . . ,n) and Q2 := cr((^j •Ui-,-) : j G N, / = 1, . . . , to) 

we have that L'^{s'{J\f),Qi, ^a) — L'^{s' {M),Q2, I^a) ols subspaces of L'^{pa), i-e. in the sense 
of RemarklJTB 

Proof By symmetry it suffices to show L^{s' {Af),gi, ha) C L^(s'(7V), ^2, A*a)- For i G N 
and fc G {1, . . . , ri} we have 

(00 \ / \ 00 m 

^(/ij, h'^)h'^ ] ' \ Y1 ^^y^ ^ X! X! ^'j^^'o • ^^"^^ ^ 
j=i J \i=i J j=i 1=1 

Hence {hiUXk, •) is the limit of (^J2jLi X^zHi h'^){h'j • yi, •)^ in the closed subspace 

L'^{s'{Af),G2, I^-a) and thus an element in the latter itself. □ 
Definition 3.12. Let n G N and xi, . . . , x„ G ^^(R). For F G L^{fJ.A) we define 

E[F\xi,...,Xn] :=E[F|g], where Q := cr{{h, • Xk, ■) : « G N, fc = f , . . . , n) 

for some orthonormal basis (/ii)ieN of H. This notation makes sense since E[i^|tJ] does not 
depend on the particular choice of as proven in the lemma above. 

Corollary 3.13. Let F G L'^(pla) and let and {yi,...,y„j} span the same 

subspace in ^^(R) for some n,m G N. Then 

E[F|xi,...,x„] =E[F|yi,...,y„]. 
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3.1. Representation 



From this point we consider A e L{£'^{H)) to be induced by some self-adjoint and positive 
definite operator A e L{e^{R)). 

Remark 3.f4. Let (/„)„gN be a family of measureable functions on some measureable space 
and let Tm := cr{fi : i = 1, . . . , to) and Foo := cr(/n : n e N). Then Foo = cr (UmeN -^m) • 

Theorem 3.15. Let f e ('^{H), n £ N and xi, . . . ,Xn G £^(R) be orthonormal with respect 
to {■,-)a- Then we have 

n 

E[(/, •)|.Ti, . . . ,x„] = ^ ([/, Axk] . xfc, •) - (P/, •), 

k=l 

where P : ^^(M) — > span{xi, . . . ,a;„} is the orthogonal projection with respect to (•, ■)a. In 
particular ¥^[{f ■)\xi, ... ,Xn] — ''^[(/j Note that we require f G £'^{'H), since 

[/, •] is not defined for general f G £\{'H), as we shall see in Examvle \S.lb\ 



Proof. Let {hi)i^fi be some orthonormal basis of H and note that then {hi • Xk)ii£fi k=i 



is an orthonormal system in £\{T-L) by Corollarv ll.191 We use Proposition 13 . 71 together with 



the remark above, Theorem 13.91 and Proposition II .31 to obtain 

E[(/, . . . ,a;„] = lim E[(/, •) • Xfc, •), i = 1, . • . , iV, fc = 1, . . . , n] 

A''— >oo 

I n N \ 

= lim {y^^y^{f,hi»Xk)Ahi»Xk,-) 

\fc=l i=l I 

n I N \ 

= ( \iTay^ {[f,Axk],hi)hi»Xk,-) 



fc=i 



fe=i 

which proves the first equality. For the orthogonal projection P : ^^(M) spanjxi, . . . , a;„} 
it clearly holds Px = X]fc=i(^j ;c/c)Aa;fc for x G The identity / — X^j^o /''S'' continuity 

of [•, •] and Corollary II . 1 91 give 



fc=0 fc=0 



.i=0 



k=0 1=0 
n oo 



= '^'^{(ihXk)Afl • Xk 

k=0 1=0 
oc / n \ 

" X!-^' • ( ^(^l.'^k)AXk j 
i=0 \fc=0 / 

oo 

l=Q 
= Pf, 

where we view P as an operator also defined on Piji) as in Theorem II. 151 Hence 

n 

E[(/, . . . ,x„] = ^ ([/, Axk] •Xk,-) = {Pf, ■)■ 

k=l 

□ 
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3. Conditional Expectations 



3.2. Examples and Application 



Example 3.16. In this example we will show that [•,•] does not necessarily possess a 
continuous extension to (-\{T-L) x ^^(M). Let A e L{P{K)) be the operator uniquely given by 

= ^e„ for n G N, 

which exists since || Aa;|| < ||a;|| for x G spanjei, 62, . . . }. Clearly A is self-adjoint and positive 
definite. Let h £ H with \\h\\ = 1 be arbitrary and define /„ := X]fc=i h • Ck £ i^{T-L) for 
n G N. Then (/„)„gn is a Cauchy sequence in l'^{T-L) with respect to (•, since for n, m G N 
it holds 

Cn n 1 \ ^ 1 

k=m+l k=m+l I fc=m+l 

Let X G £^(M) be given by Xk = A;""^ for G I^. Then 



n ^ ^1 



fe=i 



n G N, 



fc=i 



so the sequence ([/m 2;])^^^^^ is unbounded and hence does not converge in "H. Thus no 
continuous extension of [•,•] onto (^{71) x £'^{M.) exists, since otherwise we would have 
lini„^oo[/n,a;] = [f,x] G H, where / is the limit of (/„)„eN in t\{T-L)- 

Example 3.17. Let the linear operator A : £^(R) £^(]R) be given by 

Aei =61 + 2^2, Ae2 — — ei + 62 and Ae„ — e„ for n > 3. 
With respect to {ek)ken the matrix representation of A becomes 



((efc,e;)y 



LjeN I 2 







Id 



which can easily be seen to be bounded, self-adjoint and positive definite. Since only finitely 
many off-diagonal entries are distinct from zero, we clearly have £^{71) = £'^{H). For 
f €£^{H) Theorem yields 

(i) E[(/,.)|ei] = ((/i + i/2).ei,-), 

(ii) E[(/,.)|e2] = ((i/i + /2).e2,-) and 

(iii) E[(/, •)|e„] = (/„ • e„, •) for n > 3. 

However, we cannot directly apply the theorem to compute E[(/, •)|ei,e2], since ei and 62 
are not orthogonal with respect to (•, ■)a- By defining 



62 



62 - (62, 61)^61 
|62 - (e2,6i)Aei|U 



(62-^61) 



we have (61, 62)^ — 0, ||6i||y!i = ||e2|U ^ 1 and span{ei,e2} — span{ei,e2}, hence Corol- 
lary [21121 makes Theorem 13. 151 applicable: 



E[(/, •)|ei, 62] = E[(/, •)|ei, el] - ([/, Aei] . d, •) + ([/, Ael] . el, •) 

= <^ ^/l + ^/2^ • 61, + ^/2 • ^62 - iei 
= (/l • 61, •) + (/2 • 62, •) 
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3.2. Examples and Application 



Application 3.18. In |FS09| . the authors were engaged with the partial differential equa- 
tion for radiative transfer, that is 

dtlix, n,t) + fj,dx{x, ^i,t) + {a{x) + k{x))I{x, n,t) ^ J I{x, n' ,t)dn' + q{x,t) (3.5) 

with t > 0, X E {a, b) and /i E [—1, 1]. The following approach was used: Set 

Ii{x,t) := J I{x,n,t)Pi{fi)dn = (/(x, •,t),P,)i2([_i_i]) for ^ = 0, 1,2, . . ., 

where P; are the Legendre Polynomials, which form a complete orthogonal system in the 
Hilbert space L^([— 1, 1]) and satisfy ||-F/|li2([_i = 2lTT- Using the recursion relation for 
the Legendre Polynomials it was proven that (j3.5l) is equivalent to the infinite tridiagonal 
system of first-order partial differential equations 



dth + bk,k-idxlk-i + h.k+idxh+i = -Ckh + qk, fc = 0, 1, 2, . . . , (3.6) 



where 



k + 1 ^ k ^ \k k = , \2Kq k = Q 

^, , Ok+i,i + , dfc-i,;, Cfc = < , and qu 



2k + I 2fc + l U + cTfc>0 fc>0 



In order to start numerical computations, only the first N equations in p.6p can be con- 
sidered. The problem is to decide how to replace the dependence on /jv+i in the equation 
for /jv. A simple approach would be to truncate the system by setting /; = for Z > N , 
which is called the Pm closure. The approach focussed in |FS09| was the method of optimal 
prediction: Assume one is aware of some correlation between the moments / = 0, 1, 2, . . . 
via a correlation matrix A. Instead of simply neglecting In+i, the information of /q, . . . , /at 
could be used to compute the mean solution for In+i, given Iq, . . . , In . The formula derived 
and used in ^FS09j was 



E[/|/c] = E 



Ir 



Ic_^ \f Idcc ^ 



/, (3.7) 



where C — {0, . . . , N}, F — {N + 1, + 2, . . . } and the correlation matrix A and the 
sequence / are split into corresponding blocks 

^^(Acc AcA ^^flc 
\Afc Aff J \If 

We are going to justify this notation with our results derived about conditional expectations, 
of course provided all necessary assumptions are fulfilled. Let Af C H C N' be a Gel'fand 
triple, which gives rise to a Gel'fand triple s{M) C i'^{7i) C s'{Af) by Theorem 12.31 Let a 
self-adjoint and positive definite operator A G L{£'^(M.)) be given and consider the Gaussian 
measure /i^ on s'{Af) as in Definition 12.81 In consistency with the rest of this thesis, we 
stick to the agreement ^ N, so C = {1, . . . , TV} and F = {iV + 1, iV -I- 2, . . . }. We identify 
A with the infinite matrix ((e/c, Aei)^ ^ ^^^^ and note that applying A to a sequence x E ^^(M) 
simply becomes usual infinite-dimensional matrix multiplication. Note that Acc is positive 
definite and thus bijective on R*^ with inverse A^^. Consider the matrix 

Adcc A^}.Acf\ ^ { A-}. 0\fAcc Acf 
1^0 Q ) \ Q q) \ Q 

which defines a linear operator P : spanjei, 62, . . . } — > spanjei, . . . , cm} by infinite matrix 
multiplication. It can easily be verified that P has a continuous linear extension on £^(K) 
with operator norm \\P\\l(P(m)) < ll^cclli(R'=)ll^lli(^^(R))- Similarly for 



T I Idcc 0\ ^ [Acc 0\ [A^'c 
■ [AfcAcc OJ \Afc oJ \ 
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3. Conditional Expectations 



we have : f{R) ^ (^{R) with WP^hitHR)) < ||A||i(^2(R))P^^||i(RC). Note that the 
operators P and P^ are adjoint to each other with respect to (•, •)^2(jj). The obvious identity 
AP = P'^A yields that for al\x,y e e^{R) we have 

ix,Py)A = {x,APy) = (x^P^Ay) = {Px,Ay) = {Px,y)A. 



(3.8) 



For X e this equation, together with the fact P^ ~ P, yields 



\Px 



\\ = {Px,Px)a - {x,P'x)a - {x,Px)a < \\x\\a\\Px\\a, 



hence P can be extended to a bounded linear operator P : ^^(M) — )■ spanjei, . . . , Cat}, where 
£'a{R) denotes the completion of £^(]R) with respect to (•, ■)a- Then Equation p.Sp extends 
to hold for x,y & l^^H). One easily sees that P is surjective, hence for x £ ^^(M) and 
y S spanjei, . . . , cn} it holds y = Py and thus 

(x - Px, y)A ^{x- Px, Py)A - {Px - P^x, y)A = {Px - Px, y)A = 0, 

so P is the orthogonal projection from i\{R) onto spanjei, . . . , cat}. Let el, . . . , e/v be an or- 
thonormal basis of spanjei, . . . , cat} with respect to (•, ■)a- For / S t^{T-L) by Corollarv l3.13l 
and Theorem 13. 151 we have 

E[(/,.)|ei,...,ejv]=E[(/,-)|e1,...,e^] = (P/,-). 

We are going to justify Equation p.7p in the sense that 

= {(p,P^Lu) for ^ e slA/"), w e s'CA/"). 

To this end, we prove the following three steps: 

(i) P(p e s{Af) for ip e s{Af), so (Piy9, •) is pointwisely defined. 

(ii) P'^ll! £ s'{J\f) for uj G s'{Af), so the expression ((^, P'^uj) makes sense for ip E s{Af). 

(iii) {P'p,uj) = {lp,P^uj) for e s(7V) and w e s'(7V). 

For (i) we show that for all p e No it holds Pp e £p{JVp) for (ys e £p{Afp), and that the map 
P : £^(AAp) ^ iliAfp) is bounded. Let p e Nq and 99 e ^p(A/'p)- For V := ('^g'^ ^o'' ) 
holds 

00 

-04; — Akiipi ior k = 1, . . . , N and -0^ = for fc > A^. 

i=l 

Let II • lip and (•, •)p denote the norm and inner product on A/'p, respectively, and let {r]i)i^n 
be an orthonormal basis of J\fp. Then for fc €E {!,..., N} and all n, m G N we have 



i—m+l 



00 n 

{ek,Ae^){ek,Aej){Lpi,rii)p{Lpj 

l — l ij'— m+1 

00 / n \ ^ 



1=1 



i—m-\-l 



/ — I z— m+l 

n 

i—m-\-l 
n 

< ur E '"'y^wi 



i—rn-]-! 
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thus ^feiVi)„gfi} is a Cauchy sequence in the complete space J\fp with limit ipk S AAp- 

We have established that V' is a finite sequence in jV^, hence an element of ^p(A/^). Since the 

matrix ^ "^cc o j only has finitely many non-zero entries, it also defines a bounded linear op- 
erator on eliAfp). Thus Pip = (^^cc £ ^liK) with ||P(p||^2(^^) < K\\ip\\e2(^j^^-^ for some 

constant K. This yields that (p € s{J^) implies P(p € s{J\f), since s{N') = PlpGNo 
Furthermore the map P : s{J\f) — ?• s{J\f) is continuous. Then, for (fi £ s{Af), the conditional 
expectation •)|ei, . . . , cn] is even pointwisely defined by 

E[((^,-)|ei,...,ejv](w) = {P^,uj) for w e .s'(A/'). 

Similarly, for (ii) we show that for all p e No it holds P^w e P_p{M-p) for w € ^^^(TV-p). 
For p = this has already been established, so let p > 1 and w € s'{N). Again, since 

( ^o"^ ) '^'^^^ finitely many non-zero entries, it defines a bounded linear operator on 
£2p(A/'-p), so w' := (^cc °) w € e_p{M-p). Then w" := {a1%1)oj' = P'^oj is a sequence 
in A/lp, since for A; e N it holds 

N 

i=l 

We now check that cj" is a sequence in £'^p{Af-p). Let || • |l_p and (•, •)_p denote the norm 
and inner product on J\f-p, respectively, and let (7;)jgN be an orthonormal basis of Af-p. 
We have the norm estimate 

N 

\K\\-p= Yl AkiAkj{ujl,oj'j)-p 

oo N 

= J2Y1 i'^k, Aei){ek, Aej){uj'i,'yi)-p{Uj,^i)-p 

1=1 i,3 = l 

oo / N \ ^ 

= X! efe,^^(w-,70-pei j 

1=1 \ i=l ) 

oo N 

<\\ArY.T.(^i^^i)-p 

1=1 i=l 

N 

= \\ArY.\\^r-p 

i=l 

N 

KWAfN^pY^^'^'w^iW-p 

< \\ArN'^\\u%_^^^_^y 

Then by the assumption p > 1 it holds 

oo oo 
k=l fe=l 

so P^io = oj" e P_p{J\f-p) with ||P'^a;||^2 (jv'.p) < -^'ll'^ll^^ (jv'.p) for some constant K' . This 
yields that cj € s'(7V) impHes P^w e s'(A/'), since s'{J\f) = IJpgpj^ £?.p(7V_p). Furthermore 
the map P^ : s'(A/') — »^ s'{M) is continuous. For (iii) we note that P and P^ are adjoint to 
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each other with respect to the usual inner product on £^(R). Then they are also adjoint to 
each other as operators on i'^{H), since for f,g e £'^{H) we have 



N N 



if, P9)p{H) = Jrn^ [y^fk* ek.,^gi» Pe. 

°° \k=l 1=1 / f2(^) 

N 

A*— >CXD ^ — ' 

N 

= J™ XI ifk,m)n{P'^ek,ei) 

A/ — Vnn ' ^ 



N 



k,l=l 

(N N \ 

— ' ^ — ' / 

k = l 1 = 1 / ^2(^) 

= (P^/,g),2(„). 

Since in the chain s{N) C £'^{'H) C s'(Af) we identified with its topological dual space, 

the dual pairing of 93 S s(A/') and w G i'^{'H) C s'(A/') is realized as = {(p,uj)(2(^-^'j, so 

(P.^,a;) = {lp,P^uj)^2cu) = {(p,P'^uj). 

For general a; G s'{Af), there exists p e No such that w e £'^_p{Af-p). Let (a;„)„£N be a 
sequence in i'^{'H) approximating ui with respect to || • ||^2 (7v'_p)- Then 

{P(p,oj) = lim {Pip,ujn) = hm ((p,P^w„) = {ip,P'^uj). 

Now that (i), (ii) and (iii) are proven and thus we have 

E[(^,-)|ei,...,eAr](a;) = for e s(7V), a; G s'(7V), 

we have established p.7p in the weak sense 
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A. Appendix 



A.l. Positive Semidefinite Matrices 

In this section, {Xki)k,i=i,...,n is assumed to be a Hermitian matrix for some n G N, i.e. for 
k,l = 1, . . . , n we have A^; = Xik G C. 

Definition A.l. The matrix {Xki)k,i=i n is called positive semidefinite, if we have 

n 

akOnXki > for all a € C". (A.l) 

k,l=l 

Lemma A. 2. // Xki € M for k,l — 1, . . . ,n, then (jA.ip is equivalent to 

n 

akmXki > for all a E R". (A.2) 

k,l = l 

Proof Clearly (fXTj) implies (|X2|l . so assume (jA.2p holds and let a G C" . For k — 1, . . . ,n 
denote ak '■= 3?(afe) and bk '■— ^(afc). Then 



dkOiiXki = X! '^"'^ + ibk){ai - ibi)Xki 

n n n n 

= Y akOiXki+i Yj bkaiXki - i ^ akbiXki + ^ bkbiXki > 0. 



k,l=l k,l = l 



=0 since Xki=\ik 

□ 

By a theorem in |Schll| we have the following: 

Theorem A. 3. // {vki)k,i=i n is another Hermitian matrix and both {Xki)k,i=i n o-nd 

{i^ki)k.i=i....,n OuTe positive semidefinite, then so is their pointwise product {Xkii^ki)k,i=i,....n- 

Corollary A. 4. If {Xki)k,i=i « is positive semidefinite, then so is {exTp{Xki))k.i=i,...,n- 

Proof. Let a E C". For m = we have 



k,l=l k,l = l 



fc=l 



> 



and for m > 1, an obvious inductive use of Schur's theorem above yields 

n 

Y ^kcnXTi > 0. 



fc,/=i 

Hence 



n n oo ^ oo ^ n 

Y afca7exp(Afei) = ^ afcoZ ^ ^X]^i ^ Y ~\ ^ "fe"i'^S > 0- 

□ 



m! — ' m. 

k,l=l k,l=l m=0 m=0 k,l=l 
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A. 2. Hermite Polynomials 

Definition A. 5. For n e No define the n"^ Hermite polynomial _ff„ e L^(M, /xi) by 
R3x^ H,,{x) := (-1)" exp (^-xA exp ( -^xA G M, 



where /xi is the standard Gaussian measure on R. Then i/„ is a polynomial of degree n with 

(iJ„,iJ„i)L2(^^) = n!(5„_,„ forn,meNo. (A. 3) 

In particular ||-ffn|li2(-^^) = nl, and by Hq = 1 we have 

Hn{x)dni{x) = (i/„,i/o)L2(^^) = (5o^„. (A. 4) 

Since the set of polynomials is dense in L^(M, /^i), the Hermite polynomials form a complete 
orthogonal system in L^(IR, ^i). All these results can be found in [Bog98| , where the Hermite 
polynomials are introduced in a slightly different way. 

Remark A. 6. In literature one may also find the definition of the n*^ Hermite polynomial 
to be 

- d" 
R3 x> — > Hnix) (-l)"exp(a;2)— exp(-a;^) e M. 

A sum representation for these can be found in |Oba94| : 

L"/2J , 

^"(-) - E fc!(j2"fc)! " ^ (^-^^ 

These polynomials, further called physicists Hermite polynomials, do not form an orthogonal 
system in i^(R, /ii), but are orthogonal with respect to the probability measure on M given 
by the dx-density 

R3 XI — > ^ expf-x^) e M 
We can link and i?„ by the identities 

Hn{x) = 2-ti7„ (^^^ and (A.6) 

Hnix) = 2^Hn (V2a;) . (A.7) 
This also yields a representation similar to Equation (jA.Sp for our Hermite polynomials: 

If one considers the analytical extension to C of the physicists Hermite polynomials, then 
for a, /3 e C with + P'^ = 1 one has an expansion of binomial type 

Hniax + Py) = Y, (l)a''l3''-''Hk(x)Hn-k{y) for x,y e R, 



fc=0 



see |Oba94| . By straightforward use of Equations (jA.6p and (jA.7p we obtain the analogous 
formula 

Hniax + Py)=J2 (l)a''l3''-''Hk{x)Hn-k{y) for x,yeR (A.9) 



k=0 



for the Hermite polynomials, where we follow the convention O'^ :~ 1. 
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A. 3. Proof of Lemina\gM 



A. 3. Proof of Lemma 12.38 



Proof. For n — 0,1 the assertion is clear by definition. Now let n > 2 and assume the claim 
has been proven for all natural numbers 0, . . . , n — 1. One computes 

=a;§:a;®"-i: - (n - 1)ta§ : w^"-^ : 



fc=0 



2'=fc!(n - 1 - 2A:)! 



(n — 2)!(— 1) gfe-- 0„_2_2fc 



2'=fc!(n-2-2A:)!' 

(n-l)!(-l)fe(n-2fc) g,^ 
^ 2fcfc!(n-2fc)! 

Lt^J A; 1 

^ 2fe+i(fc + l)!(n-2(fc+l))!^^ 
2^fc!(n-2fc)!^^ ^'^ 2fcfc!(n-2fc)! 



+ 2fcfc!(n-2fc)! ^'^ 



- ^ 2fcfc!(n-2fc)!^^ +^ ^ 2fefc!(n-2A:)! 



If n is odd, then [^^^^^J = [f J , so _B = and the sum in A runs over fc = 0, . . . , [^J , which 
is exactly the claim. If n is even, then [^^J + 1 = [f J = f and hence 

A + B-A + 2 ("~l)!(-l)'"/^H»/2) ^§(n/2)g^.^„-2(„/2) 

A + B-A + 22("/2)(n/2)!(n - 2K2))!^-4 

_ 4 , '^'(^^)^"^'^ 3("/2);^^.^n-2(n/2) 

^ 2W2)(„/2)!(n-2(n/2))! ^ 



2fefc!(n-2fc)''-^ 



E 

fc=0 



We will spare the reader with the proof of the second equation claimed in Lemma I2.38[ as 
it works similarly. □ 
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